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Welcome to...



Recap of Weeks 5 and 6
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Deterministic models over time and space
▪ If input is ‘a’, output will always be ’b’

▪ Numerical integration

▪ FDM
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Deterministic → If input is ‘a’, output will 

always be ’b’

Stochastic → If input is ‘a’, what is the 

probability of ‘b’

Recap of Week 1
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Recap of Week 1

Deterministic – expected deformation Stochastic – beach profile after storm

- Lab experiment

- Material properties known (thoroughly tested)

- Loading applied by a calibrated machine
- Measurements taken from calibrated gauges

- Grain size?

- Wave statistics?

- Wave trains?
- Initial profile? Previous wave storms?

F



Deterministic design (pre-MUDE) – parameters given

F = 10 kN

Qin QoutC(t)

δ = ? mm

δ = g(F)

Qout = g(Qin, C(t))



Recap of Weeks 2 and 3
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Aleatoric

▪ intrinsic phenomenon; 
typically associated with 
variations that occur in 
nature

Epistemic

▪ lack of knowledge; often 
called model uncertainty

Error

▪ deficiency in any stage 
of modelling/simulation 
not due to lack of 
knowledge

Variables are 

Gaussian-distributed!



This week
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Aleatoric

▪ intrinsic phenomenon; 
typically associated with 
variations that occur in 
nature

Epistemic

▪ lack of knowledge; often 
called model uncertainty

Error

▪ deficiency in any stage 
of modelling/simulation 
not due to lack of 
knowledge

What would be an example 

of aleatoric uncertainty in 

your field?



Join the Vevox session

Go to vevox.app

Enter the session ID: 175-839-818

Or scan the QR code



Give an example of aleatoric uncertainty

36/54 Question slideJoin at: vevox.app ID: 175-839-818



Give an example of aleatoric uncertainty

36 Showing ResultsJoin at: vevox.app ID: 175-839-818
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This week
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Aleatoric

▪ intrinsic phenomenon; 
typically associated with 
variations that occur in 
nature

Epistemic

▪ lack of knowledge; often 
called model uncertainty

Error

▪ deficiency in any stage 
of modelling/simulation 
not due to lack of 
knowledge

Variables are NOT necessarily 

Gaussian-distributed!

"Naryn River, Kyrgyzstan" by Ninara is licensed under CC BY 2.0.

From C.E. Stringari (2020) 

"Carbon Dioxide in Earth's Mid-Troposphere, April 2013 Monthly 
Average" by Atmospheric Infrared Sounder is licensed under CC BY 2.0.



How do we model this type of 
uncertainty?

Probability distribution functions



Continuous distribution functions – why?
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▪ Continuous random variables



Continuous distribution functions – concept 
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▪ Continuous random variables

▪ Mathematical model which relates the 
values of a random variable and their 
probability

Value/quantile probability



Continuous distribution functions – PDF 
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▪ Continuous random variables

▪ Mathematical model which relates the 
values of a random variable and their 
probability

▪ Probability density function (PDF)

PDF of the Gaussian distribution



From PDF to CDF
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▪ Probability density function (PDF)

▪ Cumulative distribution function (CDF)

CDF of the Gaussian distribution



From PDF to CDF
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From PDF to CDF – exceedance 
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Parameters in PDF and CDF – Gaussian distribution
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▪ Probability density function (PDF)

▪ Cumulative distribution function (CDF)



Empirical distribution functions



Continuous distribution functions
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Mathematical model which relates the values of a random variable and their probability

But what do I want to model?

Observations

I want a model which is able to reproduce the probabilistic behavior in the observations

Empirical distribution function



Empirical distribution functions
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We can define from our observations an empirical PDF and empirical CDF

Let’s see it with an example!



Empirical CDF
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We need to assign a non-exceedance probability to each observation.

>> read observations

>> x = sort observations in ascending

order

>> length = the number of observations

>> probability of not exceeding = (range

of integer values from 1 \ to length) /

length + 1

>> Plot x versus probability of not

exceeding



x Sort(x) Rank Rank/length + 1

3.2 2 1 1/6 = 0.17

4.5 3.2 2 2/6 = 0.33

3.8 3.8 3 3/6 = 0.5

7.5 4.5 4 4/6 = 0.67

2 7.5 5 5/6 = 0.83

Empirical CDF
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Let’s do it slowly!

>> read observations

>> x = sort observations in ascending

order

>> length = the number of observations

>> probability of not exceeding = (range

of integer values from 1 to length) /

length + 1

>> Plot x versus probability of not

exceeding

Length = 5



Empirical PDF
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>> read observations

>> bin_size = 2  #delta x

>> min_value = minimum value of observations

max_value = maximum value observations

n_bins = (max_value - min_value)/bin_size

bin_edges = range of n_bins + 1 values     

between the truncated value of min_value

and the ceiling value of max_value

>> bin count = empty list

for each bin:

append the number of observations between 

the bin_edges to count 

>> freq = count / number of observations 

>> densities = freq / bin_size

>> Plot barplot densities 



Why non-Gaussian?

Concept of tail



Does this look Gaussian?
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There is a tail!!



Why is the tail important?
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▪ You are designing a building against 
wind loading

▪ Which value would you use for design?

▪ You vote!



Which design value would you choose?

51/56 Question slideJoin at: vevox.app ID: 175-839-818

2.5 m/s (mode of the ecdf)

0%

5.0 m/s (mean)

0%

15.0 m/s (approx. max observation)

0%



Which design value would you choose?

51 Showing ResultsJoin at: vevox.app ID: 175-839-818

2.5 m/s (mode of the ecdf)

13.73%

5.0 m/s (mean)

23.53%

15.0 m/s (approx. max observation)

62.75%

RESULTS SLIDE



We typically design to withstand extreme values
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▪ We want the building to perform in 
ordinary conditions (around central 
moments)

▪ We also want the building to withstand 
the storms

▪ Tails can also be negative!

▪ E.g.: nutrients concentration to 
ensure the survivability of species



Brief intro to a selection of parametric 
distributions



Parametric distributions in the book
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1. Gaussian

2. Uniform

3. Exponential

4. Gumbel (left- and right-tailed)

5. Lognormal

▪ Read about the rest in the book.

▪ What do I need to know? how the 
distribution looks (PDF/CDF), how it 
responds to changes in the parameters 
and some basic properties (symmetry 
or bounds).

There are a lot 

more in the 

literature!!



Exponential distribution
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▪ PDF

▪ CDF

▪ Some properties



Gumbel distribution (right-tailed)
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▪ PDF

▪ CDF

▪ Some properties



Fitting distribution functions



Fitting distributions
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▪ Given:

▪ An empirical distribution function

▪ A parametric distribution function 
(e.g.: Gumbel)

▪ Which is the value of the parameters of 
the distribution that best fits our data?

▪ Different methods: moments and MLE 
here.

How to choose the parametric 

distribution function, next part of 

the lecture!



Fitting distributions by moments
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▪ Equate the moments of the observations to those of the distribution function

▪ Moments for the Gumbel distribution

Mean of the observations

Variance of the observations



Fitting distributions by moments - Example
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▪ The intensity of earthquakes in Rome (Italy) 
is a random process.

▪  Using  ‘Catalogo dei terremoti italiani 
dall’anno 1000 al 1980’ (the Catalog of 
Italian earthquakes from year 1000 to 1980) 
edited by D. Postpischl in 1985, we want to 
fit a Gumbel distribution to the observations 
using the method of moments.

▪ Mean intensity = 3.02

▪ Variance of intensity = 0.99

Gumbel distribution: 

Equating them to the observations:



Assessing the goodness of fit



How do I choose a distribution?
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▪ Physical constrains

▪ E.g. Do negative values have physical 
meaning?

▪ Statistics of the observations

▪ Goodness of fit techniques

▪ Not a ground truth

▪ Objective way to compare models

▪ You may obtain contradictory results!

▪ As professionals, the choice is yours!

EXAMPLE:

• Toy dataset

• Exponential or Gaussian?



Graphical methods - QQplot
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▪ Measured against predicted values

▪ Fitted distribution: estimate the values of 
the random variable with the observed 
empirical probabilities

▪ 45 degree-line is the perfect fit

▪ Simple

▪ Fast to implement

▪ Central moments + tail



Graphical methods – log-scale
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▪ Exceedance probability plot (1-F(x))

▪ How does the fitted distribution fit 
the observations in log-scale?

▪ Simple

▪ Fast to implement

▪ Focus on the tail: key element!



Formal hypothesis tests – Kolmogorov-Smirnov
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▪ Widely used nonparametric hypothesis 
test

▪ Two variants:

▪ Two samples: same population?

▪ One sample: GOF to a distribution

Hypothesis tests:

H0: null hypothesis

H1: alternative hypothesis

Statistic ~ distribution → p-value

p-value: probability of the null hypothesis being 

true

Significance (typically ⍺ = 0.05)

If p-value> ⍺: We accept H0

If p-value< ⍺: We reject H0



Formal hypothesis tests – Kolmogorov-Smirnov
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▪ One sample: GOF to a distribution

▪ Based on the KS statistic: (roughly) the 
maximum distance between the ECDF 
and the fitted CDF

▪ .

▪ P-value > ⍺ = 0.05 → I cannot reject 
that the observations follow the 
distribution



Formal hypothesis tests – Kolmogorov-Smirnov
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▪ .

▪ P-value = 0.93

▪ P-value =0.93 > ⍺ = 0.05 → I cannot 
reject that the observations follow a 
Normal distribution

Normal distribution



What’s next?
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▪ There is more in the textbook!

▪ 5.5 Parameterization of continuous 
distributions

▪ Wednesday workshop: concrete 
compressive strength

▪ Friday project: your choice!

▪ Traffic and CO2 emissions

▪ Waves and impacts

▪ Velocities, depths and discharges



And enjoy the journey!
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